In this paper the phonon self energy produced by anharmonicity is calculated using second order many body perturbation theory for all bcc, fcc and hcp transition metals. The symmetry properties of the phonon interactions are used to obtain an expression for the self energy as a sum over irreducible triplets, very similar to integration in the irreducible part of the Brillouin zone for one particle properties. The results obtained for transition metals shows that the lifetime is on the order of 10 −10 s. Moreover the Peierls approximation for the imaginary part of the self energy is shown to be reasonable for bcc and fcc metals. For hcp metals we show that the Raman active mode decays into a pair of acoustic phonons, their wave vector being located on a surface defined by conservation laws.
Harmonic phonon calculations based on density functional theory are nowadays routinely performed for bulk solids. The dynamical matrix is either obtained from density functional perturbation theory 1 or from supercell calculations 2, 3 . To go beyond the harmonic approximation quasiharmonic calculations are usually performed 4, 5 . However in this effective theory the phonons do not have lifetime. Ab-initio anharmonic calculations taking into account phonon-phonon interactions explicitly are rather rare. There are noticeable exceptions with for example the calculations in the diamond structure of Si and Ge 6, 7 , and the recent study of graphite by Bonini et al 8 . Such calculations gives relevant informations about the phonon-phonon interactions which may be hidden by the electron-phonon interaction in experiments. It is important, for example, in the understandig of energy transport in thermoelectricity. Looking at the self energy of simple basic elements is therefore of interest.
In this paper we study the bcc, fcc and hcp transition metals for the first time. The phonon-phonon self energy is calculated for all metals in the crystallographic structure stable under normal conditions. The necessary information is then extracted to obtain the decay path for a selected phonon in the Brillouin zone.
The paper is organized as follow. To explain the methodology of our calculation we first define irreducible triplets of wave vectors from the symmetry of the phonon-phonon coupling function. A formula is then obtained to calculate the (q, ω) resolved self energy in a simple way. The results of these calculations for the transition metals are then analyzed using band decomposition and conservation surfaces for the phonons with the shorter lifetime.
An approximation proposed by Peierls is also discussed. Finally the phonon decay path generating the Raman damping is described for hcp metals.
The strength of the interaction, F , between phonons of wave vectors q, q ′ , q ′′ in bands p, p ′ , p ′′ , is given in terms of the eigenvalues, ω p (q), and eigenvectors, e τ α p (q) of the harmonic hamiltonian, as well as the third derivative of the potential energy, Φ
.
In the above equations, a i are any lattice vectors of a crystal containing N cells, and ∆r α Rτ a displacement of atom τ with mass m τ in cell R in the direction α around the equilibrium position.
According to the second order many body perturbation theory, the third order hamiltonian H 3 produces the self energy Σ p (q, ω) = Λ p (q, ω) + iΓ p (q, ω) with
The function f is the temperature dependent part given in term of the Bose-Einstein occupation factor n qp by
However in this paper we are only concerned with the T = 0 limit where the first term vanishes.
The calculation of the self energy can be greatly improved if we use the symmetry properties of the coupling function F . Let us denote by P the set of permutation operations P = {1, P 23 , P 12 , P 13 , P 12 P 23 , P 13 P 32 } where P ij switch the i and j element of any triplet.
For example P 12 {a, b, c} = {b, a, c}. From the definition (1) of the coupling function F , it is then straightforward to show the following properties,
Using the invariance of the potential energy under the space group operations of the crystal and the law of transformation for the eigenvectors 10 , one can also show that,∀R ∈ R
where G is a reciprocal lattice vector.
The symmetry properties (3) (4) and (5) 
By analogy to the reduction of Brillouin zone integration to its irreducible part for properties such as the density of states, formula (2) for the self energy is now reduced to a sum over irreducible triplets. Since q ′′ is determined from crystal momentum conservation, the summation over q ′ can be seen as a sum over all triplets starting with wave vector q.
Then one can write the contribution to Γ p (q, ω) for a phonon decaying to bands p ′ and p
The δ 1 function is different from zero if q = P R{k|k ′ k ′′ } and is given by the reciprocal of the number of times the triplet P R{kk ′ k ′′ } has been generated by application of the operations of P ×R on {kk ′ k ′′ }. The second line is obtained using the symmetry properties (3), (4), (5) and RP = P R. The weight coeficients C P are calculated once for all from
and it is also usefull to remark that C 1 = C P 23 , C P 12 = C P 13 P 32 and C P 13 = C P 12 P 23 . Equation (8) is particularly useful for computer calculations since it can easily be parallelized over irreducible triplets of wave vectors, as with single k -point for one particle properties. A computer code has been implemented from these equations, and in the following it is applied to bcc, fcc and hcp transition metals.
With the exception of manganese, the transition metals crystalize in the bcc, fcc and hcp structures. The second-and third-order force constants can be seen as derivatives of potential energy or dervatives of forces which are obtained from these structures using first principle calculations. In particular the third order force constants are third derivative of potential energy with respect to atomic displacements. Therefore they are calculated from forces on atoms in a supercell containing two atomic displacements. The total number of atomic displacement pairs is reduced using crystal symmetry. In our study, we employed finite displacement method to calculate the derivatives, but to improve the accuracy displacements of plus and minus directions are applied if they are not symmetrically equivalent. The third order force constants are usually overdetermined in this way. The tensor elements are then determined using pseudo inverse, which is the technique also employed for second-order force constants 2 . The details of these calculations are given in the appendix.
To obtain the electronic structure and forces we employed the projector augmented wave Cr, the electronic ground state we obtain from density functional theory can be questionable.
However the forces extracted from those calculations may still be used to calculate the forces constants. For example for Cr we have checked that the second order forces constants gives a phonons spectrum, at the point N of the Brillouin zone, at most different by 6 % of the experimental values 17 . Since the third order force constants is even more short ranged, we assume this approximation to be still acceptable.
According to equation (8) and the force constants previously calculated we can obtain the damping functions. They are calculated for all bands and all high symmetry points 19 in the first Brillouin zone. These functions are non zero between 0 and 2ω max but we found the center of gravity located at about 2ω, whereω is the average phonon frequency over the Brillouin zone. Those are quite smooth functions for bcc and fcc metals whereas they exhibit a more complicated structure for hcp metals. To better understand how a harmonic phonon of frequency ω q 0 p 0 , which will be the phonons with minimum lifetime, acquires a finite lifetime Γ q 0 p 0 (ω q 0 p 0 ), one should remember that this quantity is constructed from two parts. The one with the delta functions gives the decay processes which are allowed by the conservation laws and the F {pp
gives the probability for such decays to happen. The two conservation laws, for energy
and momentum q 0 = q ′ + q ′′ + G, are coupled equations which define a conservation surface in reciprocal space: a phonon in mode q 0 p 0 will decay in two phonons of bands p ′ and p
′′
with wave vectors having their extremities on that surface. For each metal at least one couple of bands has a large probability decay. The conservation surfaces corresponding to the strongest ones are plotted in figure 3 and the percentages for such decays are given in the caption. In such a way one obtains a very clear view of the processes which generates the lifetime since we know the bands to which the phonons decay as well as their wave vectors (the band indices are given in figure 2 The three surfaces at the second row correspond to Raman decay.
Now if we consider the frequency ω q 0 p 0 as a variable parameter ω, we generate a family of surfaces S(ω) whose shape and area give the joint density of states,
As an approximation, Peierls 9 proposed the damping function Γ q 0 p 0 (ω) to be proportional to the joint density of states. In fact one can also simply fix the proportionality constant
by its average value and rescaling by ω qp ,
where we defined A as
It represents an averaged measure of the anharmonicity.ω q is the average value of frequencies at point q.
The approximation is clearly good for fcc and even bcc transition metals where the anharmonicity seems to be describable by a single number α for these processes. However the approximation is not accurate for hcp metals. The coupling function has a much stronger dependance on the phonon modes. This comes from the hexagonal structure which has two atoms per cell. This combination gives third order force constants which are anisotropic, and complicated interferences between phonons eigenvectors, accoustical and optical, which cannot be removed from the calculation. We have also calculated the Raman damping functions of the hcp transition metals and the same conclusion is obtained. For this structure it is the E 2g mode which is Raman active. These phonons have a much longer lifetime with 2.1 × 10 −9 s for Sc, 5.8 × 10 −9 s for Ti and 1.8 × 10 −9 s for Co. Their conservation surfaces are presented at the second row of figure 3 and the damping functions are shown in figure   2 . For this mode the stronger decay to a couple of bands p ′ p ′′ is much more selective than in the case of the modes with minimum lifetime. Remarkably, an optical phonon in the Raman active mode E 2g will decay into a pair of acoustic phonons in almost all cases. The wave vectors of such phonons are located on the surfaces shown in figure 3 . These surfaces are closed, with very simple shapes. This seems to indicate that simpler models could be constructed for these decay processes.
In conclusion, we have calculated the phonon-phonon self energy of bcc, fcc and hcp transition metals. The decays for the phonons with minimum lifetime were studied and the conservation surfaces calculated. We found that for bcc and fcc metals the imaginary part of the self energy is approximately proportional to the joint density of states whereas this approximation fails in the case of hcp metals. The Raman damping was also examined for these metals and we found that a phonon decay into a pair of acoustic phonons whose wave vectors are located on spherical-like surfaces. 
and a third-order force constant Φ αβγ is the third derivative of the potential energy as function of atomic positions,
Using finite differences, the derivatives in Eqs. (A2) and (A3) are approximated by
and
respectively. ∆r β and ∆r γ correspond to the finite atomic displacements. The ∆r β and ∆r γ appering in the parentheses of forces and force constants mean that the values are calculated under the displacements.
To compute the second-order force constants, we employed the technique presented by Parlinski et. al. 2 and the third-order force constants are obtained in a similar manner. In the following sections, the computational details are given.
Computation of second-order force constants
Second-order force constants are computed through the approximation (A4) with small displacements. For computational convenience, a second-order force constant tensor for a pair of atoms, R 1 τ 1 and R 2 τ 2 , and an atomic displacement are represented by a 9 × 1 matrix P and a 3 × 9 matrix U given by
respectively. Using these matrices, a force on an atom, which is in the form of a 1 × 3 matrix F, is obtained by
Simultaneous equations of different atomic displacements for a pair of atoms are then com-
With sufficient number of atomic displacements, Eq. (A8) may be solved by pseudo inverse such as
However with the help of site-point symmetry, the required number of atomic displacements to solve the simultaneous equations may be reduced. If R
is the image of atom R 1 τ 1 by a site-point symmetry operation of atom R 2 τ 2 , Eq. (A7) becomes
where
is the force at the atomic site obtained from the original atomic site by the site-point symmetry operation, and A is the 9 × 9 matrix that is used to rotate P along the site-point symmetry operation. Using Eq. (A11), the combined simultaneous equations are
. . .
where the superscript with parenthesis gives the symmetry operation index. This is solved like Eq. (A9).
Computatation of third-order force constants
The finite difference approximation for the third-order force constants is represented by matrices as
where ∆P, V, and Q are the 9 × 1, 9 × 27 and 27 × 1 matrices corresponding to ∆Φ αβ , ∆r γ , and Φ αβγ , respectively, and are given by 
The number of pair of displacements to calculate can be reduced using symmetry operations that conserve a third-order force constant tensor for a triplet of atoms. If R ′ 1 τ ′ 1 is the image of atom R 1 τ 1 through a symmetry of the displaced structure, then one has
where B is the 27 × 27 symmetry operation matrix that transform the tensor Q. . . . . . .
and this is solved in the same way as Eq. (A18) using the pseudo inverse method. * Electronic address: laurent.chaput@ijl.nancy-universite.fr
